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Fig. 6.12 Left column: Vertical structure of the most unstable Eady mode. Top: con-
tours of streamfunction. Middle: temperature, proportional to @ =@z . Bottom: merid-
ional velocity, proportional to @ =@y . Negative contours are dashed, and two complete
wavelengths are present in the horizontal. Poleward flowing (positive v) air is generally
warmer than equatorward flowing air. Right column: Same, but now for a wave just be-
yond the short-wave cut-o�. There is no phase-tilt in the vertical, and the temperature
perturbations at the upper and lower boundaries are no longer able to interact.

Scale of maximum instability: Lmax ⇤ 3:9Ld ⇤ 4000 km; (6.96)

Growth Rate: � ⇤ 0:3
U

Ld
⇤ 0:3 � 10

106
s�1 ⇤ 0:26 day�1:

(6.97)

For the ocean

For the main thermocline in the ocean let us choose

H ⇥ 1 km U ⇤ 0:1 m s�1 N ⇥ 10�2 s�1: (6.98)
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Classical paradigm for location/structure of ocean eddies: 
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reversal of the shear direction, the predominant direction is west-
wards, thus the waves propagate against the current at certain
depths, which will be discussed below.

Both the growth rate xi and the wavelength Lbci of Fig. 1 are
rather noisy in space. This results from the noisy characteristics
of the WOCE climatology, which appears to be less smoothed in
space compared to other climatologies, e.g. Boyer et al. (2006).4

We see the least noisy results for our linear stability analysis using
hydrography from dynamically adjusted assimilation products (not
shown) as also used in Tulloch et al. (2011). We show no results
using such hydrographic climatologies here since we do not expect
any qualitative effect on our results.

3.2. Eddy kinetic energy

The magnitude of diffusivities calculated with Eqs. (8) and (10)
depends largely on the chosen amplitude function w0 ¼ Kw ci Lbci. To
support our choice of the amplitude function and to demonstrate
the natural limitations of our analysis, we calculate eddy kinetic
energy (EKE) from the fastest growing wave solution and compare
it to EKE diagnosed from the global eddy-permitting circulation
model by von Storch et al. (2012) as deviations from seasonal
means, and to an observational estimate by Scharffenberg and

Stammer (2010).5 The EKE related to the linear stability analysis is
given by

u02 þ v 02
2

¼ w2
0

4
k2Reð//$Þ ð12Þ

where k and / are the respective quantities of the fastest growing
wave, and with w0 given by the ad hoc scaling Eq. (11). The EKE
from the linear stability analysis at 150 m depth averaged on a
3& ' 3& horizontal grid is shown in Fig. 2(a), together with the EKE
simulated by the model (Fig. 2(b)) and the near surface observa-
tional estimate (Fig. 2(c)). We use 150 m depth to compare observa-
tions, model and linear stability analysis, since we have to exclude
the mixed layer. Fig. 3 compares the zonal mean EKE from the linear
stability analysis and the numerical simulation.

Near the surface, the EKE from the linear stability analysis
seems to capture the regions of maximum EKE in the ACC and
the large western boundary currents reasonably well, which can
be seen both in the circulation model and the observational esti-
mates. On the other hand, the magnitudes of the EKE maxima in
Fig. 2(a) are smaller than in the model and closer to the observa-
tional estimates. This might point towards an overestimation of
EKE by the model, but on the other hand, it is known that observa-
tional EKE estimates based on satellite altimeter data tend to show

Fig. 1. Growth rate xi in d(1 (a) and wavelength Lbci ¼ 2p=k in km (c) of the fastest growing baroclinic mode of profiles from WOCE data. Note the nonlinear color scale.
Length scales of slowly growing modes (xi < 0:005 d(1) are left white. Also shown are the zonally averaged values of xi and Lbci (black, b,d) and the zonally and vertically
averaged zonal geostrophic flow U in cm s(1 (blue, (b)) and 2pRdef , where Rdef denotes the zonally averaged first baroclinic Rossby radius (blue, (d)). (For interpretation of the
references to colour in this figure caption, the reader is referred to the web version of this article.)

4 We prefer the WOCE climatology since it is interpolated on isopycnals instead of
geopotentials which reduces excessive diapycnal mixing and the creation of spurious
water masses by the interpolation method.

5 This dataset can be found at http://www.icdc.zmaw.de/jtp_velocity_anomaly.
html.
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Gent and McWilliams (1990): 

eddies mix along isopycnals (Redi 1982) ... 

... and advect by an eddy bolus velocity - flattens isopycnals (Gent et al. 1995)

w*

u*
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FIG. 9. Area-averaged depth of density surfaces for model resolu-
tions with different ratios of A�/Au after 10 yr (see Table 3).

TABLE 3. Biharmonic diffusion coefficients for experiments
detailed in section 3c. All experiments have K� ⌅ 3 ⇤ 10⇥5 m2 s⇥1.

Expt
Resolution
(deg)

A�

(1010 m4 s⇥1)
Au

(1010 m4 s⇥1)

R4-1
R4-2
R4-3

1/4
1/4
1/4

18.0
6.0
18.0

6.0
6.0
72.0

ments in model behavior, for example, a sharper ther-
mocline, improved heat transports, and a restriction
of deep convection to places where it is known to
occur (Danabasoglu et al. 1994). Most of these im-
provements can be attributed to the complete removal
of horizontal diffusion of temperature and salinity,
which eliminates the Veronis effect. Our results sug-
gest that an adiabatic subgrid parameterization will
be necessary, even in models that resolve or partially
resolve mesoscale eddies.
One possibility might be to use a shape-preserving

advection scheme (e.g., the flux-corrected transport al-
gorithm; Boris and Book 1973), which would enable
explicit temperature diffusion to be excluded. However,
Thuburn (1995) has shown that the implicit numerical
diffusion acting on a grid-scale structure as it is advected
across a grid cell by a shape-preserving algorithm is
finite and comparable to that obtained using standard
biharmonic diffusion. Thus, it is not apparent that such
schemes will remove the Veronis effect to a satisfactory
degree.

In this section, we investigate the extent to which
the retention of water masses can be improved by im-
plementing the adiabatic GM90 scheme in our ideal-
ized numerical model. We then propose a new scale-
selective variation of the scheme for use in eddy-per-
mitting models.

a. Gent and McWilliams scheme

Gent and McWilliams (1990) parameterize the lateral
turbulent mixing term F � in (16) by4

��
�F ⌅ ⇥ u*·�� ⌥ w* , (20)� ⇥�z

where

� �b �b
u* ⌅ ⌃ , w* ⌅ ⇥� · ⌃ , (21)� ⇥ � ⇥�z �b /�z �b /�z

and b is buoyancy.
The effectiveness of the scheme in preserving the

model’s water masses is shown in Fig. 10. Here we plot
the mean depth of the isopycnals after 10 years in runs
employing GM90 at 1⇧ and 1⁄4⇧ resolution. For compar-
ison the equivalent results from integrations employing
biharmonic horizontal diffusion are also shown. The
transfer coefficients ⌃ used in the GM90 runs are 400
and 100 m2 s⇥1 at 1⇧ and 1⁄4⇧ respectively; the numerical
discretization is given in the appendix. There is no ver-
tical diffusion in each of these experiments, and thus
the initial water mass profile should be exactly preserved
in a perfect model. We find that the use of GM90 greatly
reduces the loss of light water masses from the model.
The temperature of the main thermocline is also much
better preserved using GM90 at 1⇧ resolution, but the
thermocline cools at 1⁄4⇧ resolution due to vertical mo-
tions that develop at the grid scale around the lateral
boundaries.

b. Scale-selective parameterization

The GM90 scheme has been developed primarily as
a parameterization of mesoscale eddies for use in coarse-
resolution ocean models. While GM90 has been used
in eddy-resolving models (Haines and Wu 1998, sub-
mitted to J. Mar. Sys.), it is not ideally suited to this
purpose: GM90 is less scale selective than biharmonic
diffusion and strongly damps eddies and fronts in ad-
dition to grid-scale structures.
The GM90 scheme is based on two key assumptions:

(i) eddies flux isopycnal layer thickness downgradient
and (ii) the eddies are dissipated adiabatically, that is,

4 In general, one should also include a diffusion of temperature,
salinity, and other water mass properties along density surfaces. In
our model, however, this term is identically zero due to the use of a
constant salinity.

removes available potential energy

can relate eddy diffusivity,    , to mean flow (e.g., Visbeck et al. 1997)
                                               or eddy energy (Eden and Greatbatch 2008)
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of deep convection to places where it is known to
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model’s water masses is shown in Fig. 10. Here we plot
the mean depth of the isopycnals after 10 years in runs
employing GM90 at 1⇧ and 1⁄4⇧ resolution. For compar-
ison the equivalent results from integrations employing
biharmonic horizontal diffusion are also shown. The
transfer coefficients ⌃ used in the GM90 runs are 400
and 100 m2 s⇥1 at 1⇧ and 1⁄4⇧ respectively; the numerical
discretization is given in the appendix. There is no ver-
tical diffusion in each of these experiments, and thus
the initial water mass profile should be exactly preserved
in a perfect model. We find that the use of GM90 greatly
reduces the loss of light water masses from the model.
The temperature of the main thermocline is also much
better preserved using GM90 at 1⇧ resolution, but the
thermocline cools at 1⁄4⇧ resolution due to vertical mo-
tions that develop at the grid scale around the lateral
boundaries.

b. Scale-selective parameterization

The GM90 scheme has been developed primarily as
a parameterization of mesoscale eddies for use in coarse-
resolution ocean models. While GM90 has been used
in eddy-resolving models (Haines and Wu 1998, sub-
mitted to J. Mar. Sys.), it is not ideally suited to this
purpose: GM90 is less scale selective than biharmonic
diffusion and strongly damps eddies and fronts in ad-
dition to grid-scale structures.
The GM90 scheme is based on two key assumptions:

(i) eddies flux isopycnal layer thickness downgradient
and (ii) the eddies are dissipated adiabatically, that is,

4 In general, one should also include a diffusion of temperature,
salinity, and other water mass properties along density surfaces. In
our model, however, this term is identically zero due to the use of a
constant salinity.

adiabatic parameterisation of baroclinic instability



Alternative paradigm: potential vorticity mixing    

often advocated ... rarely implemented in ocean GCMs!

Idea: potential vorticity                        is materially conserved in absence of forcing/dissipation:q =
f + �

h

@q

@t
+ u ·rq = 0

stirred and mixed along isopycnals ⇒ down-gradient closure,                            ?
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Eddy parameterisation and the geometry

of the eddy-mean-flow interaction
q0u0 = �r⇢q

PV mixing problem 1: conservation of energy

e.g. , freely-decaying turbulence over a seamount     (Adcock and Marshall, 2000)

geostrophic streamfunction                     potential vorticity

?

Fig. 1. Schematic diagram illustrating a di�culty with eddy closures based on unconstrained
potential vorticity mixing (adapted from Adcock and Marshall, 2000). Flow is confined to
an abyssal layer, underlying an infinitely-deep, motionless upper layer. The initial state
(left-hand panel) consists of a set of geostrophically-balanced eddies, associated with a de-
formed layer interface (solid line), above a seamount (solid shading). If the eddies were to
completely homogenize the potential vorticity field (right-hand panel) this would require
the layer interface to rise completely over the seamount and, in turn, a large anticyclonic
circulation around the seamount. However, the energy of this hypothetical end state exceeds
that in the initial state, indicating that unconstrained potential vorticity mixing is physically
impossible.
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e.g., here                                  only consistent if             q�v� = �� ⇤q/⇤y � = 0

note: this is the Charney-Stern stability condition

PV mixing problem 2: conservation of momentum

periodic channel: 

conservation of momentum

ZZZ
q

0
v

0
dx dy dz = 0

not satisfied by down-gradient potential vorticity closures without additional constraints    
                                                     (Green, 1970; J. Marshall, 1981)

?

Q

y

Q�v�
q�v�z

qz

y

Fig. 2. Schematic diagram illustrating a further di�culty with eddy closures based on
unconstrained potential vorticity mixing. The flow in the zonal channel is such that the
meridional potential vorticity gradient is positive-definite. Conservation of zonal momen-
tum requires that the meridional eddy potential vorticity flux, q0v0z, integrates to zero over
the entire domain. However, this is consistent with a local down-gradient potential vor-
ticity closure if the eddy di↵usivity is identically zero. The latter is consistent with the
unconditional stability of the initial flow.
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eddy force

Take-home message:

Eddies mix potential vorticity along density surfaces ... 
                          ... subject to constraints of energy and momentum conservation

Goal of this work:

Develop framework for interpreting and parameterising eddy potential vorticity fluxes 
in which the relevant symmetries and conservation laws are preserved.  

eddy force

how to parameterise?

(Maddison and Marshall, 2013; cf. Young, 2012)

Work with quasi-geostrophic “residual-mean” equations:

@ug

@t
+ · · · = �k⇥ q0u0



Key idea: 

S =
f0

N 2
0

v�b�R =
f0

N 2
0

u�b� eddy buoyancy flux / “eddy form stress”
   
   

where: M =
v�2 � u�2

2
Reynolds stressesN = �u�v�

eddy potential energyP =
b�2

2N 2
0

q0u0 = r ·

0

@
�N M � P 0

M � P N 0
R S 0

1

A

(Plumb 1986)

Write eddy potential vorticity flux (or eddy force) 
as divergence of an eddy stress tensor: 

“Taylor identity”

Why do this?!!! 
q0u0 = r ·

0

@
�N M � P 0

M � P N 0
R S 0

1

A

3. Reduces to Gent and McWilliams (1990) / Greatbatch and Lamb (1990) 
    if we parameterise only the vertical momentum fluxes. 

        Therefore a natural framework for extending Gent and McWilliams. 

1. This is a mathematical identity!        (down-gradient flux ≠ divergence of a tensor)

2. Momentum constraints preserved with appropriate boundary conditions: 

@ug

@t
+ · · · = r · (eddy momentum fluxes)



@E

@t
+ · · · = �ug ·r(eddy force) = ug · k⇥ q0u0

Why do this?!!! 
q0u0 = r ·

0

@
�N M � P 0

M � P N 0
R S 0

1

A

4. Suppose we solve an eddy energy equation (Eden and Greatbatch, 2008): 

This eddy energy gives a bound on the magnitude of the eddy stress tensor: 

over many time levels, we have

N 2
0

2f 2
0

(R2 + S2) ⇤ 2KP ⇤ E2

2
. (10)

This result emphasises that one needs both eddy potential energy and eddy
kinetic energy in order to achieve an eddy buoyancy flux. If either is absent,
then there are either no buoyancy anomalies to transport or no eddy velocity
to transport the anomalies respectively. The latter inequality follows by noting
P = E �K and maximizing the resultant quadratic.

Summing each of the above results, we find the final result:

1

2

�

(�N)2 + (M � P )2 + (M + P )2 +N2 +
N 2

0

f 2
0

(R2 + S2)

⇥

=

M2 +N2 + P 2 +
N 2

0

2f 2
0

(R2 + S2)⇤E2 (11)

where

E = K + P =
u� · u�

2
+

b�2

2N 2
0

is the total eddy energy.

This result is useful for a number of reasons:

(i) It places an upper bound on the magnitude of the eddy fluxes that we wish
to parameterize.

(ii) The eddy energy is a quantity that can be easily calculated as a prognostic
variable in an eddy closure following the approach of Eden and Greatbatch
(2008), Marshall and Adcroft (2009).

(iii) The fact that the eddies are bounded by the total eddy energy, rather than
the eddy kinetic energy (as used in Eden and Greatbatch 2008) is especially
helpful since it is the total eddy energy that grows or decays at the expense
of mean energy.

2.4 Plane wave limit

It is helpful to briefly consider the simpler scenario of plane waves, in which
case the eddy stress tensor components have a further simple physical inter-
pretation.
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This means there are no remaining dimensional unknowns! 

5. This allows us to rewrite the eddy stress tensor in terms of the eddy energy, 
    two non-dimensional eddy anisotropies, and three eddy angles: 

     horizontal angles vertical angle

Why do this?!!! 
q0u0 = r ·

0

@
�N M � P 0

M � P N 0
R S 0

1

A

P = E sin2 �

R = �b
f0
N0

E cos�b sin 2�

M = ��mE cos 2�m cos

2 � N = �mE sin 2�m cos

2 �

S = �b
f0
N0

E sin�b sin 2�

3. A new framework

In this project, we propose a new  approach in which we rewrite the eddy flux of  quasigeostrophic 
potential vorticity as the divergence of an eddy stress tensor (Plumb 1986): 

where

The terms, M and N, represent the eddy Reynolds stresses, P is the eddy potential energy, and R 
and S represent the eddy form stresses (or eddy buoyancy fluxes); f0 and N0 are the Coriolis 
parameter and buoyancy frequency, and b is buoyancy. 

Writing the eddy flux of potential vorticity in this form is useful for a number of reasons: 
(i) If boundary conditions are correctly applied to the individual components of  the eddy stress 

tensor, then any angular momentum constraints are guaranteed to be satisfied. 
(ii) The eddy form stresses, R and S, are precisely the terms parameterised in the popular Gent 

and McWilliams closure. This is thus a natural framework for extending Gent and McWilliams to 
account for eddy momentum fluxes. 

(iii) The second column in the eddy stress tensor is the three-dimensional Eliassen-Palm flux, 
which has been discussed in detail in the meteorological context (e.g., Plumb 1985) and is also 
associated with the propagation of wave activity (Andrews and McIntyre 1976). 

(iv) Of  particular interest (as far as we are aware, this is a new  result) is that a rigorous upper 
bound exists for the weighted square sum of the five quantities contributing to the eddy stress 
tensor in terms of the total eddy energy:  

This allows the components of  the eddy stress tensor to be rewritten, without loss of generality, 
in terms of the eddy energy, E, two eddy anisotropies, " and !, and three eddy flux angles, 
#, # and $:

The eddy anisotropies are bounded 
by 0 and 1. At a simple conceptual 
level, one can interpret the eddy 
anisotropies as measuring the mean 
“shape” of the eddies. This is 
illustrated in Fig. 1 for the lateral 
anisotropy, ". The eddy flux angles 
measure the direction of anisotropy. 
The vertical angle also quantifies 
the partitioning of  eddy energy 
between kinetic and potential forms. 

(v) Eddy energy is easily carried as a prognostic model variable, following Eden and Greatbatch 
(2008). Note that it is the total, and not kinetic, eddy energy that is required. 

(vi) There is no eddy length scale to be prescribed. Spatial structure in the eddy fluxes of potential 
vorticity arises purely from spatial structure of  the eddy energy field and/or eddy flux angles 
and eddy anisotropies. 

(vii)The eddy flux angles have a strong connection with classical instability theory. When eddies 
lean “against” the mean horizontal or vertical shear, they extract energy from the mean flow, 
i.e., the flow  is unstable; conversely, when eddies lean “into” the mean horizontal or vertical 
shear, they return energy to the mean flow, i.e., the mean flow is stable. 

 

Fig. 1: Schematic diagram of: (a) a circular eddy which has 
no anisotrophy ("=0) and no meridional eddy flux of zonal 
momenum; (b) an anisotropic eddy  ("=1) with a positive 
meridional eddy flux of zonal momentum. 

u�v� = 0 u�v� > 0

� = 0 � = 1

Feddy = −k × Q′u′

(see, for example, Wardle and Marshall 2000, Ferreira and Marshall 2006).

b. Angular momentum constraint

Consider the specific case of a zonal, periodic channel of uniform depth. Integrating the
eddy flux of potential vorticity over the channel, it is easily shown that (refs)

∫ ∫ ∫

Q′v′ dx dy dz =
∫ ∫ ∫

F (x)
eddy dx dy dz = 0. (7)

This is equivalent to the statement that eddies can only redistribute, but not create,
angular momentum.

Now suppose that the eddy flux of potential vorticity is parameterized through a down-
gradient closure,

Q′v′ = −κ
∂Q

∂y
⇒

∫ ∫ ∫

Q′v′ dx dy dz ̸= 0

unless very strong constraints are imposed on κ (Green 1970).

Instead, we we seek a formulation of the eddy potential vorticity flux which guaran-
tees angular momentum is conserved. To achieve this, we note that the eddy potential
vorticity flux can be written as the divergence of an eddy stress tensor (Plumb 1986):

Q′u′ = ∇ ·

⎛

⎜

⎝

−N M − P
M + P N

R S

⎞

⎟

⎠
. (8)

Here

M =
v′2 − u′2

2
, N = u′v′, P =

b′2

2N 2
0

, R =
f0

N 2
0

b′u′, S =
f0

N 2
0

b′v′.

Boundary conditions are R = S = 0 at the sea surface and sea floor (the latter is assumed
flat for now — not sure how to modify this for a sloping bottom — might be some
unexpected surprises but my gut instinct is that all will work out!) On lateral boundaries,
M = K cos 2φ and N = −K sin 2φ where φ is the angle at which the boundary is oriented
with respect to the x axis and K is the eddy kinetic energy. (For no-slip boundaries,
which are the most likely to be encountered in ocean models, M = N = 0.)

c. A bounded norm for the eddy stress tensor

Firstly, we note that the components of the eddy stress tensor, M and N , and bounded
by

M2 + N2 ≤ K2 (9)

where

K =
u′ · u′

2

3

d. Plane wave limit

It is helpful to briefly consider the simpler scenario of plane waves, in which case the
eddy stress tensor components have a further simple physical interpretation.

Specifically, we define the “puesdo velocity” vector

U′ =

(

u′, v′,
b′

N0

)

=

(

−∂ψ′

∂y
,
∂ψ′

∂x
,

f0

N0

∂ψ′

∂z

)

,

which represents the eddy velocity in the horizontal but a weighted measure of buoyancy
anomalies in the vertical. It follows that

E =
U′ · U′

2
.

We can now write:
U′ = |U′|(cosφ cos λ, sin φ cosλ, sin λ)

where φ and λ represent the orientation of the pseudo velocity vector in the horizontal
and vertical respectively (see Figure). Substituting these into the expressions for the
eddy stress tensor components we find:

M = E cos 2φ cos2 λ, N = −E sin 2φ cos2 λ, P = E sin2 λ,

R =
f0

N0
E cos φ sin 2λ, S =

f0

N0
E sin φ sin 2λ.

Note that inequalities discussed in subsection c become equalities in this plane wave
limit.

e. Arbitrary eddy field

More generally we need to introduce “anisotropy parameters” into these expressions
to account for the fact that the direction of the psuedo velocity vector fluctuates with
time. These anisotropy parameters are bounded by zero and unity, with a value of unity
corresponding to the plane wave limit (where the pseudo velocity vector has a single
direction at each point) and a value of zero corresponding to a completely isotropic eddy
field with no preferred orientation of the psuedo velocity vector.

Without any loss of generality, we can rewrite the components of the eddy stress tensor
for an arbitrary eddy field in the form:

M = γE cos 2φ cos2 λ, N = −γE sin 2φ cos2 λ, P = E sin2 λ,

R = α
f0

N0
E cos φ̃ sin 2λ, S = α

f0

N0
E sin φ̃ sin 2λ. (12)

Note that the angles in the above expressions need no longer relate in a straightforward
manner to the equivalent angles (now fluctuating) instantaneous pseudo velocity vector.

5

Feddy = −k × Q′u′

(see, for example, Wardle and Marshall 2000, Ferreira and Marshall 2006).

b. Angular momentum constraint

Consider the specific case of a zonal, periodic channel of uniform depth. Integrating the
eddy flux of potential vorticity over the channel, it is easily shown that (refs)

∫ ∫ ∫

Q′v′ dx dy dz =
∫ ∫ ∫

F (x)
eddy dx dy dz = 0. (7)

This is equivalent to the statement that eddies can only redistribute, but not create,
angular momentum.

Now suppose that the eddy flux of potential vorticity is parameterized through a down-
gradient closure,

Q′v′ = −κ
∂Q

∂y
⇒

∫ ∫ ∫

Q′v′ dx dy dz ̸= 0

unless very strong constraints are imposed on κ (Green 1970).

Instead, we we seek a formulation of the eddy potential vorticity flux which guaran-
tees angular momentum is conserved. To achieve this, we note that the eddy potential
vorticity flux can be written as the divergence of an eddy stress tensor (Plumb 1986):

Q′u′ = ∇ ·

⎛

⎜

⎝

−N M − P
M + P N

R S

⎞

⎟

⎠
. (8)

Here

M =
v′2 − u′2

2
, N = u′v′, P =

b′2

2N 2
0

, R =
f0

N 2
0

b′u′, S =
f0

N 2
0

b′v′.

Boundary conditions are R = S = 0 at the sea surface and sea floor (the latter is assumed
flat for now — not sure how to modify this for a sloping bottom — might be some
unexpected surprises but my gut instinct is that all will work out!) On lateral boundaries,
M = K cos 2φ and N = −K sin 2φ where φ is the angle at which the boundary is oriented
with respect to the x axis and K is the eddy kinetic energy. (For no-slip boundaries,
which are the most likely to be encountered in ocean models, M = N = 0.)

c. A bounded norm for the eddy stress tensor

Firstly, we note that the components of the eddy stress tensor, M and N , and bounded
by

M2 + N2 ≤ K2 (9)

where

K =
u′ · u′

2

3

is the eddy kinetic energy (Hoskins et al. 1983). To prove this result, note that the result
is an equality at any instant in time, then apply the triangle theorem to the summation
over many time levels. Indeed Hoskins et al. further note that for barotropic plane
waves, the “E-vector”, (M, N) = Kĉg where ĉg is a unit vector defining the direction of
group propagation.

Secondly, we note that P is exactly the eddy potential energy.

Thirdly, again through application of the triangle inequality to the summation over many
time levels, we have

N 2
0

2f 2
0

(R2 + S2) ≤ 2KP ≤ E2

2
. (10)

This result emphasises that one needs both eddy potential energy and eddy kinetic
energy in order to achieve an eddy buoyancy flux. If either is absent, then there are
either no buoyancy anomalies to transport or no eddy velocity to transport the anomalies
respectively. The latter inequality follows by noting P = E − K and maximizing the
resultant quadratic.

Finally summing each of the above results, we find the final result:1

M2 + N2 + P 2 +
N 2

0

2f 2
0

(R2 + S2) ≤ E2 (11)

where

E = K + P =
u′ · u′

2
+

b′2

2N 2
0

is the total eddy energy.

This result is useful for a number of reasons:

(i) It places an upper bound on the magnitude of the eddy fluxes that we wish to
parameterize.

(ii) The eddy energy is a quantity that can be easily calculated as a prognostic variable
in an eddy closure following the approach of Eden and Greatbatch (2008), Marshall and
Adcroft (2009).

(iii) The fact that the eddies are bounded by the total eddy energy, rather than the eddy
kinetic energy (as used in Eden and Greatbatch 2008) is especially helpful since it is the
total eddy energy that grows or decays at the expense of mean energy.

1Alternatively, one can write the inequality in terms of a norm of the eddy stress tensor defined as
the weighted sum of the squares of the six individual components:

1

2

[

(−N)2 + (M − P )2 + (M − P )2 + N2 +
N 2

0

f2
0

(R2 + S2)

]

≤ E.
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Equivalent to eddy variance ellipses used with altimetric / float data:
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FIG. 17. (a) Velocity variance ellipses based on geostrophic velocity
estimates computed by the crossover method from T/P data at the
crossovers of ascending and descending ground tracks, and (b) the
associated eddy kinetic energy in units of cm2 s22.

FIG. 18. The locations of the crossovers of ascending and descend-
ing ground tracks from (a) a single altimeter in the T/P orbit config-
uration, and (b) an interleaved tandem orbit configuration with evenly
spaced ground tracks. The red dots in (b) correspond to the additional
crossover points afforded by the tandem mission. The contours in
both panels represent the dynamic height of the sea surface relative
to a reference level of 1000 db computed from the Lozier et al. (1995)
hydrographic dataset.global synthesis of westward-propagating SSH signals

from 7 yr of T/P data confirms the results of the earlier
analysis (Fu and Chelton 2001). The propagation speeds
decrease with increasing latitude in a manner that is
qualitatively but not quantitatively consistent with the
classical theory for oceanic Rossby waves. Westward
phase speeds estimated from the T/P data are system-
atically higher than the phase speeds predicted from the
classical theory. The discrepancies between the obser-
vations and the classical theory generally increase with
increasing latitude, differing by more than a factor of
2 at 408 latitude [see Fig. 5 of Chelton and Schlax (1996)
and Fig. 14 of Fu and Chelton (2001)].
The apparent insufficiency of the classical theory has

stimulated a great deal of interest in Rossby wave dy-
namics. Since Rossby waves are the mechanism by
which the open ocean adjusts to wind stress, heat flux,
and eastern boundary forcing, it is important to under-
stand the reason for the discrepancies between the ob-
served and predicted westward phase speeds of oceanic
Rossby waves. Ocean general circulation models that
are currently under development for climate studies can-
not be considered useful unless they accurately represent
the observed Rossby wave phase speeds, thus correctly
modeling the transient adjustment time of the ocean. An
overview of theoretical attempts to account for the ap-
parent Rossby wave speedup is given in section 3.4.5
of Fu and Chelton (2001). The most promising expla-
nation to date appears to be that proposed by Killworth

et al. (1997), who suggested that the speedup occurs
because of the modification of free Rossby wave modes
by vertically sheared mean currents.
The empirical and theoretical studies of Rossby wave

propagation that have been conducted thus far have fo-
cused almost entirely on the long-wavelength, low-fre-
quency nondispersive regime. The adequacies or inad-
equacies of the various theories that have been proposed
to explain the fast observed westward phase speeds are
likely to become most apparent when the focus shifts
to the full wavenumber-frequency spectral characteriza-
tion of the westward propagation. Spatial resolution is
the most important limiting factor for wavenumber-fre-
quency spectral analysis of SSH data from a single al-
timeter in the T/P orbit. The results of section 3a indicate
that the resolution capability of SSH fields constructed
from a single altimeter in the T/P orbit is about 68 in
longitude and latitude by 20 days at middle and low
latitudes; the spatial resolution capability improves
slightly to about 4.58 in the subpolar latitudes (see Fig.
5).
Examples of wavenumber-frequency spectra of SSH

computed along 248 latitude in each of the ocean basins
from 68 by 60-day smoothed SSH fields are shown in
Fig. 16. The 60-day filter cutoff was chosen to eliminate
contamination of the SSH fields by tidal errors; the most

(Morrow et al. 1994)

(Chelton and Schlax 2003)
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6. Eddy angles have a strong connection with classical stability theory: 

        eddies lean “against” mean shear ⇒ extract energy from mean flow - instability;
        eddies lean “into” mean shear ⇒ return energy to mean flow - stability. 

     
eddy force

q’v’

N<0

N>0

(Waterman et al. 2011)
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Fig. 6.12 Left column: Vertical structure of the most unstable Eady mode. Top: con-
tours of streamfunction. Middle: temperature, proportional to @ =@z . Bottom: merid-
ional velocity, proportional to @ =@y . Negative contours are dashed, and two complete
wavelengths are present in the horizontal. Poleward flowing (positive v) air is generally
warmer than equatorward flowing air. Right column: Same, but now for a wave just be-
yond the short-wave cut-o�. There is no phase-tilt in the vertical, and the temperature
perturbations at the upper and lower boundaries are no longer able to interact.

Scale of maximum instability: Lmax ⇤ 3:9Ld ⇤ 4000 km; (6.96)

Growth Rate: � ⇤ 0:3
U

Ld
⇤ 0:3 � 10

106
s�1 ⇤ 0:26 day�1:

(6.97)

For the ocean

For the main thermocline in the ocean let us choose

H ⇥ 1 km U ⇤ 0:1 m s�1 N ⇥ 10�2 s�1: (6.98)

most unstable mode:
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Eddy energy budget:
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How anisotropic
are the eddies?
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Fig. 5. A three-layer quasigeostrophic baroclinic double gyre simulation. (a), (b) and (c)
show snapshots of the transport streamfunction Hi i in the upper, middle and lower layers
respectively. (d), (e) and (f) show the snapshots of the potential vorticity q in the upper,
middle and lower layers respectively.
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What sets the eddy angles?   

(e.g., Buhler and McIntryre, 2005) 
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- for linear Rossby waves: refraction
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(a) Nondimensional zonal mean velocity
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(b) Nondimensional zonal mean PV (left) and PV gradient (right)

Figure 3.5: (a) Non dimensional zonal mean velocity (normalized by Uomax) at three different times of
the evolution. The initial piecewise linear jet (t = 0 , black solid line) weakens and broadens signifi-
cantly due to eddies fluxing momentum out of the jet (t = 48, red), but strengthens due to upgradient
fluxes (t = 60, dashed blue). (b) Nondimensional zonal mean Potential Vorticity (normalized by L�1)
and nondimensional PV gradient (normalized by bL�1), for three different times of the evolution. At
t = 0 the PV has sharp opposite steps, and the PV gradient changes sign. At t = 48,60 the PV gradient
no longer changes sign within the domain.
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(a) Eddy ellipse tilt for inward radiating ray (t = 25)
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(b) Eddy ellipse tilt for outward radiating ray (t = 55)

Figure 4.2: Eddy ellipse tilt for (a) inward radiating ray (t = 25) and (b) outward radiating ray (t = 55).
Compared are actual tilt (red), estimated value (dashes black), ray tracing results from numerical
(blue) and analytic (green stars) solutions. See text for explanation.

the orientation of the eddy ellipse to classical stability theory; it is shown that the eddy ellipse of an
unstable NM solution leans “into” the shear (which corresponds to a negative tilt), while the eddy
ellipse of a stable NM solution leans “with” the shear (positive tilt).

Analytic solutions are also obtained for a piecewise linear jet. In this case, the eddy ellipse of an
unstable NM is constant and positive (negative) in the cyclonic (anti-cyclonic) side of the jet, fluxing
momentum out of the jet core and into its flanks. The eddy tilt predicted from the linear analysis
compares well with a fully nonlinear simulation during the initial development, but holds also at later
stages, when the waves merge into vortices. This means that even when the solution can no longer be
described using linear waves, the eddy ellipse still possesses similar geometric properties.

For a barotropic jet on a beta plane, a sharp change in the eddy- mean flow interaction occurs
once the jet stabilizes, which have a clear signature in the geometric description of the eddies. Dur-
ing the initial development, anisotropy is localized mainly at the three interfaces of the jet, and the
eddy ellipse tilt is almost constant within the layers. Gradually, the eddy orientation becomes slanted
towards the jet’s core, approaching p

2 at its center. This is a manifestation of the eddy activity prop-
agation within the layers due to the planetary vorticity gradient (the beta term). During the unstable
regime, the group velocity points into the jet (momentum fluxes out of the jet), and its direction be-
comes more zonal as it approaches the jet’s core, corresponding to a meridional elongation of the
eddy ellipse tilt. At the critical moment when the weakened mean flow can no longer satisfy the
necessary conditions for instability, all eddies are elongated meridionaly and M and g are maximized.
In terms of CRWs perspective, all the vorticity waves become in phase (e.g. as in Fig. (3.2a)), hence
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(b) Nondimensional zonal mean PV (left) and PV gradient (right)

Figure 3.5: (a) Non dimensional zonal mean velocity (normalized by Uomax) at three different times of
the evolution. The initial piecewise linear jet (t = 0 , black solid line) weakens and broadens signifi-
cantly due to eddies fluxing momentum out of the jet (t = 48, red), but strengthens due to upgradient
fluxes (t = 60, dashed blue). (b) Nondimensional zonal mean Potential Vorticity (normalized by L�1)
and nondimensional PV gradient (normalized by bL�1), for three different times of the evolution. At
t = 0 the PV has sharp opposite steps, and the PV gradient changes sign. At t = 48,60 the PV gradient
no longer changes sign within the domain.
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Figure 4.2: Eddy ellipse tilt for (a) inward radiating ray (t = 25) and (b) outward radiating ray (t = 55).
Compared are actual tilt (red), estimated value (dashes black), ray tracing results from numerical
(blue) and analytic (green stars) solutions. See text for explanation.

the orientation of the eddy ellipse to classical stability theory; it is shown that the eddy ellipse of an
unstable NM solution leans “into” the shear (which corresponds to a negative tilt), while the eddy
ellipse of a stable NM solution leans “with” the shear (positive tilt).

Analytic solutions are also obtained for a piecewise linear jet. In this case, the eddy ellipse of an
unstable NM is constant and positive (negative) in the cyclonic (anti-cyclonic) side of the jet, fluxing
momentum out of the jet core and into its flanks. The eddy tilt predicted from the linear analysis
compares well with a fully nonlinear simulation during the initial development, but holds also at later
stages, when the waves merge into vortices. This means that even when the solution can no longer be
described using linear waves, the eddy ellipse still possesses similar geometric properties.

For a barotropic jet on a beta plane, a sharp change in the eddy- mean flow interaction occurs
once the jet stabilizes, which have a clear signature in the geometric description of the eddies. Dur-
ing the initial development, anisotropy is localized mainly at the three interfaces of the jet, and the
eddy ellipse tilt is almost constant within the layers. Gradually, the eddy orientation becomes slanted
towards the jet’s core, approaching p

2 at its center. This is a manifestation of the eddy activity prop-
agation within the layers due to the planetary vorticity gradient (the beta term). During the unstable
regime, the group velocity points into the jet (momentum fluxes out of the jet), and its direction be-
comes more zonal as it approaches the jet’s core, corresponding to a meridional elongation of the
eddy ellipse tilt. At the critical moment when the weakened mean flow can no longer satisfy the
necessary conditions for instability, all eddies are elongated meridionaly and M and g are maximized.
In terms of CRWs perspective, all the vorticity waves become in phase (e.g. as in Fig. (3.2a)), hence
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Figure 4.2: Eddy ellipse tilt for (a) inward radiating ray (t = 25) and (b) outward radiating ray (t = 55).
Compared are actual tilt (red), estimated value (dashes black), ray tracing results from numerical
(blue) and analytic (green stars) solutions. See text for explanation.

the orientation of the eddy ellipse to classical stability theory; it is shown that the eddy ellipse of an
unstable NM solution leans “into” the shear (which corresponds to a negative tilt), while the eddy
ellipse of a stable NM solution leans “with” the shear (positive tilt).

Analytic solutions are also obtained for a piecewise linear jet. In this case, the eddy ellipse of an
unstable NM is constant and positive (negative) in the cyclonic (anti-cyclonic) side of the jet, fluxing
momentum out of the jet core and into its flanks. The eddy tilt predicted from the linear analysis
compares well with a fully nonlinear simulation during the initial development, but holds also at later
stages, when the waves merge into vortices. This means that even when the solution can no longer be
described using linear waves, the eddy ellipse still possesses similar geometric properties.

For a barotropic jet on a beta plane, a sharp change in the eddy- mean flow interaction occurs
once the jet stabilizes, which have a clear signature in the geometric description of the eddies. Dur-
ing the initial development, anisotropy is localized mainly at the three interfaces of the jet, and the
eddy ellipse tilt is almost constant within the layers. Gradually, the eddy orientation becomes slanted
towards the jet’s core, approaching p

2 at its center. This is a manifestation of the eddy activity prop-
agation within the layers due to the planetary vorticity gradient (the beta term). During the unstable
regime, the group velocity points into the jet (momentum fluxes out of the jet), and its direction be-
comes more zonal as it approaches the jet’s core, corresponding to a meridional elongation of the
eddy ellipse tilt. At the critical moment when the weakened mean flow can no longer satisfy the
necessary conditions for instability, all eddies are elongated meridionaly and M and g are maximized.
In terms of CRWs perspective, all the vorticity waves become in phase (e.g. as in Fig. (3.2a)), hence
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If we: (i) solve an eddy potential enstrophy (     ) budget;
          (ii) include dissipation of       ( = potential vorticity mixing); 
          (ii) ensure          vanishes when       vanishes;
          [use another bound on divergence of eddy stress tensor?]

then Arnold’s first stability theorem is preserved. 

Mixing of potential vorticity?
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Fig. 5. A three-layer quasigeostrophic baroclinic double gyre simulation. (a), (b) and (c)
show snapshots of the transport streamfunction Hi i in the upper, middle and lower layers
respectively. (d), (e) and (f) show the snapshots of the potential vorticity q in the upper,
middle and lower layers respectively.
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average defined above), yields the average QGPV induction equation:

∂tDa +
(
[ug]

b Da
)

;b
+ [f0] [uag]

a + [f1] [ug]
a =

1

[ρ0]
εabcZb[pag],c +Ra − T ab

;b , (2.20)

with continuity equations:

[ug]
a
;a = 0, [uag]

a
;a = 0. (2.21)

and where a QGPV induction eddy flux tensor has been introduced:

T ab = [ug]
b′Da′. (2.22)

It follows that the average QGPV equation is:

∂tq +
(
[ug]

a q
)

;a
= Ra

;a − T ab
;ab. (2.23)

Since the double divergence of the eddy flux tensor T ab
;ab is the eddy QGPV tendency, the

divergence of the eddy flux tensor T ab
;b is equal to the eddy QGPV flux plus a rotational

term.
In the x, y, z coordinate system the eddy flux tensor T ab has components:

T b
a = gacT

cb =

⎛

⎝
N M −K R

M +K −N S
0 0 0

⎞

⎠ (2.24)

where the contravariant index indicates the row and the covariant index the column, and
where:

M =
1

2

(
[vg]

′2 − [ug]
′2
)

N = [ug]
′ [vg]

′

K =
1

2

(
[vg]

′2 + [ug]
′2
)

R =
[f0]

[N0]
2 [ug]

′ b′ S =
[f0]

[N0]
2 [vg]

′ b′. (2.25)

M andN are the eddy Reynolds’ stresses (the horizontal fluxes of horizontal momentum),
R and S are the eddy buoyancy fluxes (the vertical fluxes of horizontal momentum) and
K is the eddy kinetic energy.

2.5. Eliassen-Palm flux tensor

Since the eddy tendency in the QPGV equation appears as the double divergence of the
eddy flux tensor T ab, two forms of gauge freedom may be exploited. In particular, one
may add rotational terms to either the columns or rows of the component expansion
(2.24). Hence T ab can be replaced with [T ∗]ab where:

[T ∗]ab = T ab + εacdU b
d;c + εbcdV a

d;c, (2.26)

where Ua
b and V a

b are arbitrary mixed-type tensors. Gauge freedom can, for example, be
exploited to move eddy momentum fluxes between the momentum and buoyancy equa-
tions, and thereby replace horizontal momentum fluxes with horizontal buoyancy fluxes.
Note that one may not, in general, delete the horizontal eddy momentum fluxes from the
momentum equation without permitting an (arguably non-physical) eddy momentum
flux through either the upper or lower boundaries.
In particular, the QGPV equation, and the resulting dynamics, are entirely unaffected
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 ⇒ 2 forms of gauge freedom

eddy flux tensor

The Eliassen-Palm flux tensor 7

average defined above), yields the average QGPV induction equation:

∂tDa +
(
[ug]

b Da
)

;b
+ [f0] [uag]

a + [f1] [ug]
a =

1

[ρ0]
εabcZb[pag],c +Ra − T ab

;b , (2.20)

with continuity equations:

[ug]
a
;a = 0, [uag]

a
;a = 0. (2.21)

and where a QGPV induction eddy flux tensor has been introduced:

T ab = [ug]
b′Da′. (2.22)

It follows that the average QGPV equation is:

∂tq +
(
[ug]

a q
)

;a
= Ra

;a − T ab
;ab. (2.23)

Since the double divergence of the eddy flux tensor T ab
;ab is the eddy QGPV tendency, the

divergence of the eddy flux tensor T ab
;b is equal to the eddy QGPV flux plus a rotational

term.
In the x, y, z coordinate system the eddy flux tensor T ab has components:

T b
a = gacT

cb =

⎛

⎝
N M −K R

M +K −N S
0 0 0

⎞

⎠ (2.24)

where the contravariant index indicates the row and the covariant index the column, and
where:

M =
1

2

(
[vg]

′2 − [ug]
′2
)

N = [ug]
′ [vg]

′

K =
1

2

(
[vg]

′2 + [ug]
′2
)

R =
[f0]

[N0]
2 [ug]

′ b′ S =
[f0]

[N0]
2 [vg]

′ b′. (2.25)

M andN are the eddy Reynolds’ stresses (the horizontal fluxes of horizontal momentum),
R and S are the eddy buoyancy fluxes (the vertical fluxes of horizontal momentum) and
K is the eddy kinetic energy.

2.5. Eliassen-Palm flux tensor

Since the eddy tendency in the QPGV equation appears as the double divergence of the
eddy flux tensor T ab, two forms of gauge freedom may be exploited. In particular, one
may add rotational terms to either the columns or rows of the component expansion
(2.24). Hence T ab can be replaced with [T ∗]ab where:

[T ∗]ab = T ab + εacdU b
d;c + εbcdV a

d;c, (2.26)

where Ua
b and V a

b are arbitrary mixed-type tensors. Gauge freedom can, for example, be
exploited to move eddy momentum fluxes between the momentum and buoyancy equa-
tions, and thereby replace horizontal momentum fluxes with horizontal buoyancy fluxes.
Note that one may not, in general, delete the horizontal eddy momentum fluxes from the
momentum equation without permitting an (arguably non-physical) eddy momentum
flux through either the upper or lower boundaries.
In particular, the QGPV equation, and the resulting dynamics, are entirely unaffected

10 J. R. Maddison and D. P. Marshall

case the Eliassen-Palm flux tensor [ER]
ab is replaced by a tensor with components, in

the x, y, z coordinate system:

E b
a = gacE

cb =

⎛

⎝
−M + P N 0

N M + P 0
−S R 0

⎞

⎠ . (2.41)

2.5.4. Hoskins et al 1983 E-vector

The Hoskins et al. (1983) E-vector is arrived at by choosing Aab such that, in the x,

y, z coordinate system, the eddy flux tensor [T ∗]ab = [T ∗

H ]ab and has components:

[T ∗

H ] ba = gac [T
∗

H ]cb

⎛

⎝
N 2M 0
0 −N 0
R S 0

⎞

⎠ . (2.42)

The Hoskins E-vector is then the y-component of this tensor:

[EH ]a =

⎛

⎝
2M
−N
S

⎞

⎠ . (2.43)

In Hoskins et al. (1983) the limiting case ∂xN + ∂zR ≈ 0 is considered, in which case the
E-vector captures the dynamically significant components of the eddy flux tensor.
Since the Hoskins et al. (1983) “E-vector” is formed a component of the tensor [T ∗

H ]ab

it is not a formal vector. It is noted in Hoskins et al. (1983) that the E-vector fails to
transform as a vector, and hence it is termed a “quasi-vector”. The correct geometric
object characterising the eddy-mean-flow interaction is the full rank two tensor.

2.5.5. Symmetric momentum flux tensor

Finally, one may choose:

Aab = [AS ]
ab =

1

2

(
T ba − T ab

)
, (2.44)

leading to:

[T ∗]ab = [T ∗

S ]
ab =

1

2

(
T ab + T ba

)
. (2.45)

In the x, y, z coordinate system this has components:

[T ∗

S ]
b
a = gac [T

∗

S ]
cb =

⎛

⎝
N M 1

2R
M −N 1

2S
1
2R

1
2S 0

⎞

⎠ . (2.46)

Hence one may, in the average QGPV induction equation (2.20), replace the eddy flux
tensor T ab with its symmetric part. This “half-residual-mean” formulation, in which half
of the buoyancy fluxes are transferred to the momentum equation and half are retained
in the buoyancy equation, filters out trivially rotational eddy QGPV fluxes, and yields a
QGPV induction eddy flux tensor with minimum Frobenius norm.

2.6. Geometric decomposition

The QGPV induction eddy flux tensor T ab is an inherently geometric object. Hence this
represents an entirely geometric description of the influence of the eddies on the mean
flow. This is necessarily equivalent to the geometric description in Marshall et al. (2012).

Hoskins et al. (1983) “E-vector” 
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The QGPV induction eddy flux tensor T ab is an inherently geometric object. Hence this
represents an entirely geometric description of the influence of the eddies on the mean
flow. This is necessarily equivalent to the geometric description in Marshall et al. (2012).
In order to demonstrate this first identify two invariants, the eddy kinetic energy:

K =
1

2
[ug]

a′ [ug]
′

a, (2.45)

and a weighted sum of the eddy kinetic and the eddy potential energies:

L =
1

2
Da′D′

a

= K +
[f0]

2

[N0]
2P (2.46)

Proceeding in a similar manner to Marshall et al. (2012) one can derive, via the triangle
inequality:

[ug]
a′[ug]

b′ [ug]
′

a [ug]
′

b ! 4K2, (2.47a)

[ug]
a′Db′ [ug]

′

a D
′

b − [ug]
a′[ug]

b′ [ug]
′

a [ug]
′

b ! 4
[f0]

2

[N0]
2KP. (2.47b)

Hence one may define two additional invariants via:

[ug]
a′[ug]

b′ [ug]
′

a [ug]b
′ = 4 [γ∗m]2 K2, (2.48a)

[ug]
a′Db′ [ug]

′

a D
′

b − [ug]
a′[ug]

b′ [ug]
′

a [ug]
′

b = 4 [γ∗b ]
2 [f0]

2

[N0]
2KP, (2.48b)

where [γ∗m] and [γ∗b ] are non-dimensional and bounded between zero and unity. In the x,
y, z coordinate system this leads directly to a general decomposition for the components

“half-residual mean”

Coordinate-invariant derivation        (Maddison and Marshall, 2013)
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by the addition of any anti-symmetric components to the eddy flux tensor T ab:

∂tq +
(
[ug]

a q
)

;a
= Ra

;a − [T ∗]ab;ab , (2.27)

where:

[T ∗]ab = T ab +Aab, (2.28)

and where Aab is any anti-symmetric tensor, Aab = −Aba. This introduces a non-
divergent (rotational) term into the QGPV induction equation. For any Aab the di-
vergence of the eddy flux tensor T ab

;b is the eddy QGPV flux, plus a rotational term. One
may define a residual-mean ageostrophic velocity:

[
u∗

ag

]a
= [uag]

a −
1

[f0]
Aab

;b , (2.29)

where the second term corresponds to a curl of a vector in Cartesian coordinates. The
QGPV induction equation therefore becomes:

∂tDa +
(
[ug]

b Da
)

;b
+ [f0]

[
u∗

ag

]a
+ [f1] [ug]

a =
1

[ρ0]
εabcZb[pag],c +Ra − [T ∗]ab;b , (2.30)

In the following sections four natural gauge choices are described.

2.5.1. Residual-mean momentum flux tensor

If a tensor Aab is chosen appropriately then [T ∗]ab Za = 0, and the buoyancy equation
will contain no eddy contributions. In particular, one may choose:

Aab = [AR]
ab = T ba − T ab, (2.31)

leading to:

[T ∗]ab = [T ∗

R]
ab = T ba

= [ug]
a′Db′. (2.32)

In the x, y, z coordinate system this has components:

[T ∗

R]
b
a = gac [T

∗

R]
cb =

⎛

⎝
N M +K 0

M −K −N 0
R S 0

⎞

⎠ . (2.33)

Hence one may, in the average QGPV induction equation (2.20), replace the eddy flux
tensor T ab with its transpose. This moves the eddy buoyancy fluxes from the buoyancy
equation to the horizontal momentum equation, yielding a system of dynamical equations
in which no eddy terms appear in the buoyancy equation. With this choice for Aab the
averaged horizontal momentum equation becomes (reached by taking the cross product
of the averaged QGPV induction equation with −Za):

∂t[ug]
a +

(
[ug]

b [ug]
a
)

;b
− [f0] ε

abc
[
u∗

ag

]
b
Zc − [f1] ε

abc[ug]bZc

= −
1

[ρ0]
gab[pag],b + F a − [ER]

ab
;b , (2.34)

while the averaged buoyancy equation can be written (reached by taking the inner prod-
uct of the averaged QGPV induction equation with Za):

∂t
(
DbZb

)
+
(
[ug]

a DbZb

)

;a
+ [f0]

[
u∗

ag

]a
Za = RaZa, (2.35)

“residual-mean”

Plumb (1986)
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where [ER]
ab is the Eliassen-Palm flux tensor:

[ER]
ab = −εacdgce [T ∗

R]
eb Zd. (2.36)

In the x, y, z coordinate system the Eliassen-Palm flux tensor has components:

[ER]
b
a = gac [ER]

cb =

⎛

⎝
−M −K N 0

N M −K 0
−S R 0

⎞

⎠ . (2.37)

Hence, for the quasi-geostrophic equations, the residual-mean equations are reached via
a transpose of the eddy flux tensor T ab.

2.5.2. Cronin 1996 momentum flux tensor

One may also choose Aab such that, in the x, y, z coordinate system, the eddy flux
tensor [T ∗]ab = [T ∗

C ]
ab and has components:

[T ∗

C ]
b
a = gac [T

∗

C ]
cb

⎛

⎝
N M −K 0

M +K −N 0
R S 0

⎞

⎠ . (2.38)

In this case the Eliassen-Palm flux tensor [ER]
ab is replaced by a tensor with components,

in the x, y, z coordinate system:

[EC ]
b
a = gac [EC ]

cb =

⎛

⎝
−M +K N 0

N M +K 0
−S R 0

⎞

⎠ . (2.39)

In Cronin (1996) an Eliassen-Palm flux tensor of this form is derived by applying residual-
mean theory directly, with the exact form differing only in that in Cronin (1996) rota-
tional buoyancy fluxes are removed (equivalent to a slightly modified gauge choice).

2.5.3. Plumb 1986 momentum flux tensor

Alternatively, one may choose Aab such that, in the x, y, z coordinate system, the eddy
flux tensor [T ∗]ab = [T ∗

P ]
ab and has components:

[T ∗

P ]
b
a = gac [T

∗

P ]
cb

⎛

⎝
N M − P 0

M + P −N 0
R S 0

⎞

⎠ . (2.40)

where P = b′2/
(
2 [N0]

2
)
is the eddy potential energy. This is exactly the Plumb (1986)

flux matrix, and the divergence [T ∗

P ]
ab
;b = [ug]

a′q′ is exactly the eddy QGPV flux. In this

case the Eliassen-Palm flux tensor [ER]
ab is replaced by a tensor with components, in

the x, y, z coordinate system:

E b
a = gacE

cb =

⎛

⎝
−M + P N 0

N M + P 0
−S R 0

⎞

⎠ . (2.41)

2.5.4. Symmetric momentum flux tensor

Finally, one may choose:

Aab = [AS ]
ab =

1

2

(
T ba − T ab

)
, (2.42)
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Finally, one may choose:

Aab = [AS ]
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(
T ba − T ab
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, (2.42)

Cronin (1996)

Approach generalises to isopycnal thickness-weighted primitive equations 
 (cf. Young, 2012)



• Geostrophic eddies are fundamental in setting the structure and circulation of the ocean. 

• Preserving symmetries and conservation laws in models with parameterised eddies
        ⇒ classical stability conditions carry over. 

• Down-gradient eddy potential vorticity flux closures are inconsistent with the underlying 
     mathematical structure of the eddy-mean flow interaction. 

• Gent and McWilliams is consistent with this underlying mathematical structure.

• New geometric framework for diagnosing and interpreting eddy-mean flow interactions.  

• Much left to do, e.g.:  
 
      - simple extension of Gent and McWilliams to include up-gradient momentum fluxes;
      - adjoint methods to optimise choice of parameters (Julian Mak); 
      - eddy-topography interactions; 
      - diagnostics of eddy-mean flow interactions in Southern Ocean (Andreas Klocker); 
      - applications to planetary atmospheres? 
      - ... 

Summary of key points 

https://www2.physics.ox.ac.uk/contacts/people/marshalld


